In a semiconductor laser with saturable absorber, solitons may spontaneously drift and/or oscillate. We study three different regimes characterized by strong intensity oscillations, both periodic and chaotic. We show that (i) soliton dynamics may be similar to that of passively Q-switched lasers, (ii) solitons may drift and oscillate simultaneously, and (iii) chaotic solitons may coexist with stationary ones and with the laser off solution.
Introduction
Dissipative solitons are a universal feature of nonlinear science [1, 2] . Although they appear in many different systems such as vertically driven layers of sand [3] , highly dissipative fluids [4] and biology [5] , they have been studied most extensively in optics.
A particular type of optical solitons are the so-called cavity solitons (CSs), two-dimensional spatial localized structures that arise in the plane perpendicular to the light propagation direction in nonlinear optical systems driven by an external coherent field [6, 7] . CSs can also be produced in nonlinear cavities which are bistable even in the absence of a driving field. Such systems are called CS lasers [8] .
The interest in CSs stems from their promising applications in optical information processing and storage. Under this respect, the functionalities of CSs are enhanced if they can move in the transverse plane, oscillate at fixed position or even oscillate while they move. For instance, the mobility of CSs under an external control beam was used to implement an all-optical delay line [9] and a low-energy optical switch [10] .
An even larger amount of information could be probably stored in the CSs if they were oscillating localized structures and their dynamics could be controlled by varying an external parameter (e.g. the pump).
Spontaneous oscillations can appear in solitons as a result of an Andronov-Hopf bifurcation of the stationary solitons. In optics, this was shown in systems with a saturable defocusing nonlinearity [11] , a saturable absorber [12, 13] and a Kerr nonlinearity [14, 15] . More generally, oscillating solitons were demonstrated in reaction-diffusion systems [16] , in a magnetic wire forced by a transversal uniform and oscillatory magnetic field [17] and in parametric systems where one parameter is modulated periodically [18, 19] .
Here, we consider a CS laser formed by a laser with saturable absorber. CSs have been observed in such systems both in extended [20] [21] [22] and monolithic resonators [23, 24] . As long as the simple single-mode temporal dynamics is considered, it is known that the Andronov-Hopf bifurcation in a laser with saturable absorber leads to passive Q-switching, where short pulses are produced with a repetition time of about 1 ns [25] .
The main idea of the present paper is to combine the subcritical bifurcation of a laser with saturable absorber, which allows for the existence of CSs, with its intrinsic dynamical behaviour owing to the Andronov-Hopf bifurcation to create passively Q-switched CSs, i.e. pulses that are localized both in space and in time. Being pulses separated by long intervals during which the field intensity is close to zero, these dynamical CSs differ from the oscillating solitons predicted in a similar system in [13] . They may be instead related to the observations of [24, 26] , although in those experiments it was not possible to demonstrate that the self-pulsing structures coexist with the laser off solution.
In a system with translational symmetry, it is possible to switch on at the desired positions several passively Q-switched CSs thus forming an array of localized Q-switched lasers that coexist in the same device. The natural question is how do they interact one with the other. Although the interaction may occur only during the short duration of the pulses, it can be effective, because the pulses are very intense. We expect to observe pulse synchronization, because the interaction is nonlinear [27] , and the appearance of forces related to phase locking, because the localized lasers, unlike in conventional arrays, are free to move [28] .
In this paper, we also show that other dynamical CSs may exist in a laser with saturable absorber under different parametric conditions. Pulsating CSs drifting in a non-uniform way appear when carrier dynamics is much slower in the absorber than in the amplifier. When radiative recombination is included in the model equations, a wide branch of stable chaotic CSs similar to those found in [24] is predicted.
In §2, we present the dynamical model and its stationary solutions, homogeneous and localized. In §3, we calculate the existence domain of self-pulsing CSs and show how their intensity and period depend on the pump parameter. The interaction of four passively Q-switched CSs in a 2 × 2 array is analysed in §4. The travelling pulsating CSs are shown in §5, whereas the chaotic CSs are characterized in §6. The conclusions are drawn in §7.
The model
We consider a vertical-cavity surface-emitting laser with an integrated absorber whose dynamics in the transverse plane is described by the equations [29] The dimensionless variables F, D and d are respectively the slowly varying envelope of the electric field, the carrier density of the amplifier and the carrier density of the absorber. The parameters α, β are the linewidth enhancement factors in the amplifier and in the absorber, respectively; μ is the pump parameter, γ is the unsaturated absorption, s is the saturation parameter, i.e. the ratio of saturation intensity in the amplifier and in the absorber.
Time is scaled to the cavity lifetime (1 time unit (t.u.) ∼ a few picoseconds), b is the ratio of photon lifetime to carrier lifetime in the amplifier and r is the ratio of carrier lifetimes in the amplifier and in the absorber. Space is scaled to the diffraction length (1 space unit (s.u.) ∼ a few micrometres). The coefficients B 1 and B 2 are the rates of radiative recombination. For a precise definition of all variables and parameters, see the appendix of Vahed et al. [10] .
The analysis of equations (2.1)-(2.3) is simpler if radiative recombination is neglected setting B 1 = B 2 = 0 as in [30] . The homogeneous stationary solution is bistable if the condition s > 1 + 1/γ is satisfied. In the plane wave approximation (i.e. when the variables are assumed uniform in the transverse field, and the transverse Laplacian is neglected), part of the upper branch of the homogeneous solution is destabilized through an Andronov-Hopf bifurcation provided the ratio r of carrier lifetimes in the two media is larger than a critical value r c which is approximately given, in the limit b 1, by
Beyond the plane wave approximation, localized structures (CSs) are also solutions of equations (2.1)-(2.3) provided r < r c , i.e. the upper branch is stable with respect to the AndronovHopf bifurcation. In this case, the transverse Laplacian induces instead a modulational instability in the upper branch, associated with a real eigenvalue, which extends to the whole branch if α > β. This makes possible the coexistence of the CSs with the laser off solution for a range of pump values below the laser threshold μ thr = 1 + γ . By choosing s = 10 and γ = 0.5, we have r c 0.58. Figure 1 shows the branch of stable CSs for r = 0.45, and b = 0.01, α = 2, β = 0.2. The CSs can either arise spontaneously or be excited in a predetermined position using different techniques [31] . Optical pumping allows for an optical control of carrier distribution in the transverse profile and incoherent switching [23, 24] . Here, we consider instead coherent switching by a Gaussian pulse of width w centred in (x 0 , y 0 ) which is injected into the laser for a time interval t inj . No explicit time dependence appears in F inj, because the pulse is assumed to be resonant with the cold cavity whose frequency is assumed as reference frequency; the amplitude F 0 is real, its phase is irrelevant because the CSs are (blue) detuned with respect to the cold cavity. For a given value of the pump parameter μ below laser threshold, the CSs are stable only for a finite range of r. The stability domain is limited from below by a drift instability originated by the Goldstone modes of the system, which induce a spontaneous motion of the CSs. The properties of these moving CSs have already been investigated in the presence of circular [32] and squared [33] reflecting boundaries. The upper boundary of the stability domain is instead associated with an Andronov-Hopf bifurcation whose effect is to makes the CSs oscillate without a translational motion. Figure 2 shows the stability domain of the oscillating CSs in the plane (μ, r). Below the lower boundary, the stationary CSs are stable. As the upper boundary is crossed, the laser either jumps to the off state for small μ or develops complex spatio-temporal dynamics for larger μ.
Localized passive Q-switching
The CS oscillations present the typical features of passive Q-switching in a laser with saturable absorber [34] . Yet, a notable difference with respect to [34] is that the Q-switched CSs are bistable with the laser off solution. This occurs, even in the plane wave model, when r < 1.
Let us fix r = 0.5 (dashed line in figure 2 ) and vary μ from right to left crossing the two boundaries of the stability region of oscillating CSs.
As shown in figure 3 , after crossing the right boundary, which is placed at μ 1.4635, the CS starts oscillating, and already very close to threshold the oscillations are highly nonlinear, because the action of the saturable absorber favours the formation of narrow pulses between which the emitted intensity falls very close to zero. A portion of the pulse train for μ = 1.45 is shown in the inset.
By further decreasing the pump parameter μ, the amplitude of the pulses increases slowly, whereas the period grows more rapidly as μ approaches the right boundary of the stability domain, μ 1.4472.
2 × 2 arrays of passively Q-switched solitons
Once localized Q-switching is demonstrated, it is interesting to study how several passively Q-switched CSs interact. To this aim, we analysed 2 × 2 arrays of such structures for μ = We considered an array where the initial distance between the first neighbours, i.e. two CSs on the same side of the square, is 22 s.u., and analysed the time evolution of the CSs both when they are switched on simultaneously and when they are switched on in sequence.
The time evolution of the array when the CSs are switched on simultaneously is shown in the left column of figure 4. The pulses, which are initially perfectly synchronized and locked in phase, lose synchronization and phase-locking at about t = 3000 t.u. Yet, phase-locking and synchronization are re-established at about t = 30 000 t.u. The average distance between first neighbours at the beginning falls slightly below the initial value of 22 s.u., but very soon it starts to grow at an almost constant rate independent of phase-locking and synchronization.
In the phase-locked state, two CSs placed on the same side of the square are locked at π , whereas two CSs on a diagonal are locked at 0. This configuration agrees with the findings of [28] where it was shown that the relative phase of two stationary CSs behaves differently depending on their distance. For moderate distances, the CSs initially lock at π , although for longer times they partially unlock and reach a state of phase entrainment, where the relative phase remains bounded but it oscillates around π . For larger distances, the stationary CSs lock in phase.
In the right column of figure 4 , the time evolution of the array is shown when the four CSs are switched on in the same positions as before, but with a delay of 500 t.u. one from the other. Initially, the pulses are well separated, but at t = 10 000 t.u., the delays among pulses are comparable to those of the previous case, and again phase-locking and pulse synchronization are achieved at about t = 30 000 t.u. The average distance of first neighbours is never smaller than 22 s.u., and it grows at the same rate found when the CSs are simultaneously switched on.
These results indicate that the CSs interact at very large distance, much larger than one soliton diameter and even larger than its phase profile [28] . Phase-locking is robust against noise, that was always included in our simulations. This phenomenon could be related to the enhancement of solitons' interaction owing to the Andronov-Hopf bifurcation that makes them oscillate, which was demonstrated for Kerr CSs in [35] .
Stop and go solitons
By decreasing by an order of magnitude the ratio r of carrier lifetimes, i.e. assuming that carriers are much slower in the absorber, a new phenomenon is observed. As in [13, 32] , the localized structures are subjected to a drift instability which makes them move along straight lines whose direction, if not controlled by means of an address beam, is random. Yet, unlike in [32], the peak intensity of the CS pulsates while it moves, and the motion is not uniform. An example is shown in figure 5 which captures the motion of the CS at three different times. Figure 5a ,c shows two consecutive pulses, taken at their maximum intensity, which is about |F| 2 = 0.46. In figure 5b , the intensity is minimum, and it is about |F| 2 = 0.017 at the peak. Here, the intensity profile is much broader than at the maxima. Note that the positions of the intensity peak at the minimum (figure 5b) and at the second maximum (figure 5c) coincide. Initially, the CS moves rapidly but it is damped because carrier dynamics, in particular in the absorber, is too slow to follow that fast motion. Then, the motion stops while the CS is regenerated, and only when the CS recovers its maximum intensity does it start again to move.
This behaviour is a further manifestation of the dual wave-material character of the CS, already stressed in [36] . The self-propelled solitons lose radial symmetry and they are elongated in the direction of motion [32, 37] , as can be better appreciated in the central density plot of figure 5 .
The time interval between the first and the second snapshots is 4718 t.u., and the distance between the maxima of the two intensity distributions is 4.5 s.u. Assuming (1 s.u.)/(1 t.u.) = 1000 km s −1 = 1000 µm ns −1 , the speed of the CS is about 1 µm ns −1 , comparable to that of [32].
Chaotic solitons
Here, we take into account the effects of carrier recombination and consider the parameter set B 1 = B 2 = 0.1, s = 1, γ = 2, α = 2, β = 1, b = 0.01 and r = 1 [10, 28, 29, [31] [32] [33] . For this set of parameters, the stationary CSs are stable for a wide range of pump current values μ (see fig. 2 
of [32]).
We focus on the complex spatio-temporal dynamical state which is usually observed beyond the laser threshold μ thr and find that it can coexist with the stationary CS. Therefore, there exists a large region of coexistence of three stable states in the parameter space: -extended spatio-temporal chaos: the field intensity is rapidly varying in space and time, spanning between almost 0 and a very high maximum value, the typical spatial size of the chaotic pattern being of the order of the CS dimension.
In figure 6a , we display for a wide interval of pump current μ the mean values and the standard deviations of the maximum intensity of the chaotic state, whose typical instantaneous intensity profile is shown in figure 6b , for μ = 6.
To the left of the branch, the chaotic solution loses its stability in favour of the laser off solution. To the right of the branch, it seems to remain stable indefinitely.
In this regime of coexistence between the homogeneous off solution and the extended chaotic state, we looked for chaotic localized states (the so-called chaoticons), as recently reported experimentally and numerically in a different system [38] . To this aim, we started from the laser off solution and injected a localized Gaussian writing beam of very strong amplitude F 0 = 15 (much higher than in the case of CS switching) and width w = 2 s.u. during 50 t.u. When the writing beam is switched off, the system spontaneously evolves towards a CS that displays chaotic internal dynamics. Figure 7 shows the instantaneous transverse distribution of the field intensity and carrier density in the amplifier for one of these structures obtained for μ = 4.92.
We verified the stability and localization of this chaotic CS for very long integration times (50 000 t.u.), and different values of the pump current μ. The CS remains stable for 4.67 ≤ μ ≤ 4.94. If μ is further reduced to (or below) the value of μ = 4.65 its internal dynamics starts freezing and finally it collapses onto a stationary CS (figure 8a). On the other hand, when μ is increased up to (or above) μ = 4.96, the chaotic CS starts expanding very slowly and finally the extended chaotic state is reached.
The effective independence, multistability and localization of the chaotic CS were checked by creating two chaotic CSs in the transverse plane (figure 8b) and by switching on simultaneously a stationary and a chaotic CS.
All these simulations were performed keeping equal the carrier lifetimes in the amplifier and in the absorber (r = 1). Actually, the stability of the chaotic CS depends on r, in a very similar way as the stationary CS (see for example fig. 2 of ref. [32]). By keeping μ fixed at the value of 4.85 and by reducing r, at r = 0.7 the chaotic CS collapses to a CS which then starts moving but dies very soon. We did not observe stable drifting chaotic CSs. For values of r higher than or equal to 1.8, the chaotic CS starts to expand very slowly and finally the extended chaotic state is reached. The same happens if we try to switch on a larger chaotic CS by increasing the width w of the writing beam. The CS apparently remains localized, but actually it expands very slowly and finally it invades the whole integration grid becoming the extended chaotic state. The entire process of completely filling the integration grid can take up to 10 000 t.u.
This feature makes our chaotic CS deeply different from the chaoticon described in [38] . In that case, the chaotic structures are shown to remain localized independently of their size, that is, they do not vary their initial size. The origin of this sharply different behaviour is still unknown but even with very large integration windows (thus making it impossible for the initial localized structure to interact with its image through the boundaries) in our simulations localization is lost if the CS's size passes a critical value of about two to three stationary CS diameters. We also stress the very large spatial coherence that characterizes all our structures, owing to the huge phase profile which extends to regions where the field intensity is very close to 0 (see, for example, the phase profile of the stationary CS shown in fig. 2 of [28] ).
Conclusion
In this paper, we have predicted the existence of different kinds of dissipative spatial solitons in a semiconductor laser with saturable absorber where the field intensity displays strong oscillations in time.
When the carrier lifetimes in the amplifier and in the absorber are comparable, an Andronov-Hopf instability of the stationary solitons leads to the appearance of what we called passively Q-switched solitons, which present features very similar to those of passive Q-switching extensively studied in the time domain.
The fact that passive Q-switching is localized in space allows studying the interaction of different oscillating solitons which coexist in the same laser. In a 2 × 2 array, we have shown that in the long-term evolution the four solitons synchronize their intensity pulses and lock their phases in such a way that two solitons in the same row or column have a phase difference of π , whereas two solitons on the diagonal have the same phase. The four solitons also experience a repulsive force which makes them move apart one from the other.
If the carriers in the absorber are much slower than in the amplifier a different instability causes the soliton to drift along straight lines in a stop and go manner, so that while it moves its peak intensity decreases until it reaches a minimum, then it stops until it recovers the maximum intensity, and then it moves again along the same line.
Chaotic solitons appear when radiative recombination is included in the model equations and the laser off state is perturbed with a writing beam whose intensity is much larger than that needed to excite a stationary soliton. These states are a portion of an extended chaotic state that coexists with the laser off solution. Because with the same parameters the stationary solitons are also stable, chaotic and stationary solitons may coexist in the same laser. 
